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Abstract 

The manufacturing sector is undergoing a data-driven revolution, with standards such as ISO 10303 
(STEP) enabling a seamless digital thread – enhancing productivity, sustainability, and regulatory 
compliance. As the complexity of manufacturing operations grows, so does the demand for end-to-end 
certifiable processes via interoperable, standards-based digital workflows to maintain traceability and trust 
– from design, through to manufacture and beyond. This study introduces a novel ISO 10303-238 (STEP-
NC) compatible CNC toolpath trajectory generation framework. Uniquely, it allows feature-based 
customisation in the CNC interpolation stage, generating minimum time toolpaths within geometric 
tolerances and machine limits. The proposed method has been validated against an industrial controller, 
showing cycle time reductions up to 14.37%. 
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1 INTRODUCTION 

With the ever increasing interest in sustainable, 
responsible, and analytics-driven processes [Raoufi 2024], 
the manufacturing industry is rapidly transitioning towards 
traceable and interoperable standards-based practices, 
supported by a breadth of research developing both the 
physical and digital infrastructure to support this transition 
[Imad 2022, Yuan 2022]. The digital thread is the 
underpinning framework that establishes data continuity 
and traceability across the entire lifecycle of a product 
[Abdel-Aty 2024], with adoption of the digital thread opening 
up the opportunity for energy-efficient manufacturing 
[Cheng 2022]. The introduction of the STEP standard (ISO 
10303 [[International Organization for Standardization, 
2019]) paved the way for standardised, implementation-
agnostic file formats for feature-driven design and 
engineering, allowing seamless data flow from the 
computer aided design (CAD) stage through to computer 
aided manufacture (CAM) [Liu 2018]. 

Traditionally, computer numerical control (CNC) machine 
tools have been utilised as a standalone process in the 
CAD-CAM-CNC cycle. This is evident when observing the 
G-code standard (ISO 6983-1 [International Organization 
for Standardization 2009]), which standardises the 
numerical control code format used by CNC machines 
globally. G-code is generated at the CAM stage, and then 
postprocessed, wherein machine-specific information 
(datums, plane shifts, etc.) are added to the tool centre 

point (TCP) and tool orientation vector (TOV) coordinates. 
Aside from feeds, speeds, and TCP/TOV tolerances, there 
is lack of further contextual information to support data 
continuity from CAD/CAM to CNC [Liu 2018]. STEP-NC 
(ISO 10303-238 [International Organization for 
Standardization 2022]) has been developed to overcome 
this through extending the STEP format to allow intelligent 
data-enabled control of machine tools. The STEP-NC 
standard allows greater richness of geometric dimensioning 
and tolerancing (GD&T) information into the machining 
stage - a key limitation of conventional G-code based 
machine control. 

In the scope of subtractive manufacturing, the digital thread 
is still to reach technological maturity, with only a small 
number of original equipment manufacturers (OEMs) 
developing STEP-enabled technology [Suh 2003]. 
Fundamentally, STEP-enabled machine tools do not 
function on the traditional digital workflow required for 
processing G-code numerical control (NC) programs 
[Rauch 2012], in which the NC kernel (NCK) parses and 
interpolates G-code, generating continuous axial reference 
trajectories for the machine tool feed drive systems. For an 
in-depth discussion on the differences in system 
architecture for STEP-compliant CNC, along with the future 
of such systems, one should familiarise themselves with 
Nguyen [Nguyen 2009]. The work of Rauch was 
fundamental in advancing the STEP-NC standard [Rauch 
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2012], and showcasing how existing CNC controllers can 
be adapted to conform to the STEP-NC standard. 

 

Fig. 1: Digital thread enabled optimal trajectory generation, 
including an example STEP-NC file excerpt with geometric 

tolerancing information. 

Parsing geometric information from a source file is the first 
step taken by the NCK. The subsequent stage involves 
generating a toolpath trajectory that interpolates on the 
given geometric coordinates and produces a set of 
continuous motion reference signals, ready to be passed to 
the machine’s axial feed drive control system [Altintas 
2012]. Methods on the generation of the axial motion 
control trajectories can be grouped into two main 
approaches, being (i) geometrical interpolation methods 
using splines and (ii) digital signal processing-based 
smoothing using finite impulse response (FIR) filters [Yan 
2023b]. FIR interpolation is a computationally efficient 
method of generating kinematically constrained feed drive 
reference signals [Ward 2022], and has been successfully 
applied in both local  and global smoothing of toolpaths 
[Tajima 2022], with methods developed in constraining 
contour error and orientation error in both 3-axis and 5-axis 
toolpaths [Yan 2023b]. Spline interpolation, on the other 
hand, is a geometric approach to toolpath smoothing, which 
aims to model toolpaths as piecewise continuous 
parametric curves to high degrees of geometric and 
parametric continuity [Yan 2023a], enabling jerk limited 
motion profiles [Erkorkmaz 2001, Hu 2023]. Spline-based 
smoothing methods typically allow higher degrees of 
flexibility in the resultant toolpath motion at the expense of 
computational complexity [Wang 2025]. 

Whilst both approaches have key benefits in terms of 
computation and/or ease of implementation, there is limited 
ability for inclusion of time optimality in either approach. 

To solve this, recent research has focused on posing 
toolpath trajectory generation as an optimisation problem. 

Bosetti and Ragni proposed a minimum time toolpath 
trajectory generation method using optimal control theory 
[Bosetti 2016], through first modelling the interpolator as a 
dynamical system in the displacement domain. This method 
allowed constraining of path error and derivatives of motion 
up to jerk and was successful in reducing part program 
execution (cycle) time, with reductions in cycle time of up to 
20% compared to an industrial controller. However, this 
research was limited to local corner smoothing. 

Lin et al. then proposed a time optimal trajectory generation 
method for the sequential waypoint tracking problem [Lin 
2018] utilising MPC to reduce the computational complexity 
of the trajectory generation problem. Positional errors along 
each linear motion command were constrained through a 
nonconvex cross product constraint. With such approach, 
there are no guarantees of global optimality, for one cannot 
compute the numerical derivative of this nonconvex 
constraint. 

Zhang developed a convex quadratic programming based 
MPC algorithm to optimise the axial drive motion profiles 
based on a model of the drive system [Zhang 2019]. The 
method allowed constraining of motion derivatives up to 
axial jerk. Despite successful verification in simulation, the 
formulation of the TCP error constraints affects the ease of 
implementation of the proposed algorithm, particularly 
when scaling the method to 3-axis toolpaths and beyond. 

The use of digital twins in the feedrate optimisation problem 
has also been investigated, with Kim proposing an 
uncertainty-aware digital twin model for feedrate 
optimisation [Kim 2024]. This research built on prior 
methods which combined feed drive error pre-
compensation with feedrate optimisation [Kim 2020], 
allowing incorporation of machine uncertainties stemming 
from both actuation behaviour and controller performance. 
By solely focusing on feedrate optimisation along a toolpath 
parametrised in the displacement domain, it was shown that 
linear programming may be used to solve for a time optimal 
error constrained feedrate profile, hence reducing the 
computational cost of the optimisation stage. 

Feedrate optimisation methods formulated in the 
displacement domain, like in Kim are compatible with 
STEP-NC, with the standard allowing for description of 
CNC toolpaths in parametrised curve form [International 
Organization for Standardization 2021]. However, when a 
precomputed parametrised toolpath is not available, then 
the NC interpolator must perform both feedrate and 
trajectory optimisation, based on the NC part program. In 
such cases, STEP-NC, much like conventional G-code, still 
suffers from the problem of optimal trajectory generation 
given a simple sequence of cutter location (CL) points. This 
problem is therefore still prevalent in STEP-NC files with 
polyline curve definitions. 

In this work, we aim to overcome these issues. Our 
contributions are as follows: (i) development of a novel 
optimisation-based toolpath trajectory generation algorithm 
capable of global smoothing, and (ii) proposal of a 
framework for incorporating GD&T data into the CNC 
trajectory generation stage through STEP-NC modification. 
The proposed algorithm has been applied to multiple 
industrial toolpaths and benchmarked against a 
commercially available machine tool. 

2 STEP-NC INTEGRATION 

This section will describe STEP-NC enabled optimal 
trajectory generation and discuss a mechanism of passing 
geometrical information (including dimensioning and 
tolerancing) to the numerical control interpolator function.  
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STEP-NC files offer greater customisability in the part 
program, allowing feature-based manufacturing. The 
increased customisability with STEP-NC files can be 
exploited to provide further information to the NCK. Taking 
the standard polyline command, one may enrich a simple 

sequence of linear motion commands with a feature-
specific geometric constraint such as straightness on an 
exterior geometry (see Fig. 1), or a cylindricity tolerance on 
a suitable three-dimensional geometry. 

With advancements in multi-objective optimisation-based 
CNC interpolation, there must exist means of providing 
further imperatives to the CNC interpolator – aside from 
tolerances. Here, we utilise a simple standardised method 
that exploits the existing STEP-NC format: enriching the 
bounded_curve motion commands (such as the polyline 
command) with a tag such as polyline(‘optimized, 
points[]), thereby informing the optimal interpolator to 

generate a minimum time toolpath based on the provided 
contextual information (i.e., GD&T tolerances). 

3 OPTIMAL TRAJECTORY GENERATION 

In this section, we introduce the toolpath trajectory 
generation process as a constrained optimisation problem. 

Toolpaths are defined as a sequence of discrete 
coordinates, either in (𝑥, 𝑦, 𝑧) or (𝑥, 𝑦, 𝑧, 𝑖, 𝑗, 𝑘) form for 3- 

and 5-axis machining, respectively. The objective of 
toolpath trajectory generation is to interpolate a minimum 
time continuous tool-tip motion profile along the sequence 
of coordinates (CL-data points), whilst conforming to both 
geometrical tolerances in the tool centre point (TCP) and 
tool orientation vector (TOV) sense and kinematic (axial 
velocity and acceleration) limits. 

In addition, toolpaths should be designed to avoid excitation 
of the machine’s resonant modes. This is usually achieved 
through either filtering the motion commands using a tuned 
filter [Tajima 2018], or constraining axial and/or tangential 
jerk [Erkorkmaz 2001]. In this work, we will focus on 
generating jerk limited 2D planar toolpaths. The proposed 
algorithm has been successfully implemented in 3-axis 
toolpaths, however, for brevity, only a 2-axis formulation is 
introduced in this work. The interpolator can be considered 
as a continuous time dynamical system, 

𝒙̇(𝑡) = 𝐴𝒙(𝑡) + 𝐵𝒖(𝑡),    (1) 

with the system matrices 𝐴 and 𝐵 defined as 

[
 
 
 
 
 
 
𝑠𝑥̇(𝑡)

𝑣𝑥̇(𝑡)

𝑎𝑥̇(𝑡)

𝑠𝑦̇(𝑡)

𝑣𝑦̇(𝑡)

𝑎𝑦̇(𝑡)]
 
 
 
 
 
 

=

[
 
 
 
 
 
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0]

 
 
 
 
 

⏟              
𝐴

[
 
 
 
 
 
 
𝑠𝑥(𝑡)

𝑣𝑥(𝑡)

𝑎𝑥(𝑡)

𝑠𝑦(𝑡)

𝑣𝑦(𝑡)

𝑎𝑦(𝑡)]
 
 
 
 
 
 

+

[
 
 
 
 
 
0 0
0 0
1 0
0 0
0 0
0 1]

 
 
 
 
 

⏟  
𝐵

[
𝑗𝑥(𝑡)

𝑗𝑦(𝑡)
]. (2) 

This formulation gives time-stamped x/y-axis motion 
commands with the following state vector: 

𝒙(𝑡) = [𝑠𝑥(𝑡), 𝑣𝑥(𝑡), 𝑎𝑥(𝑡), 𝑠𝑦(𝑡), 𝑣𝑦(𝑡), 𝑎𝑦(𝑡)]
𝑇
,  (3) 

where 𝑠𝑥(𝑡) and 𝑠𝑦(𝑡) are the x-axis and y-axis 

displacements at time 𝑡, 𝑣𝑥(𝑡) and 𝑣𝑦(𝑡) are the axial 

velocities, and 𝑎𝑥(𝑡), 𝑎𝑦(𝑡) are the axial accelerations. The 

input (control) vector is selected as the axis jerk profiles as 

𝒖(𝑡) = [𝑗𝑥(𝑡), 𝑗𝑦(𝑡)]
𝑇
,    (4) 

where 𝑗𝑖(𝑡) represents the ith axis instantaneous jerk.  

The toolpath trajectory generation problem can then be 
formulated as a minimum time optimal control problem 
(OCP),  

min
𝑥,𝑢,𝑇

∫ 1
𝑇

0
dt = min 𝑇,    (5) 

subject to: 𝒙̇(𝑡) = 𝐴𝒙(𝑡) + 𝐵𝒖(𝑡)

𝒙(𝑡) ∈ 𝒳

𝒖(𝑡) ∈ 𝒰

}  for t ∈ [0, 𝑇], (6) 

with the objective to generate a toolpath with minimum time 
𝑇 that interpolates on the sequence of TCP coordinates, 

that is both dynamically feasible (in terms of velocity and 
actuation constraints), described by the sets 𝒳 and 𝒰, and 

constrained in terms of positional accuracy (i.e., TCP 
tolerance) – also captured within the state constraint set 𝒳. 

This formulation, however, is ill posed in its current form as 
the position constraints 𝒳 vary along the toolpath (see Fig. 

2); commanded feedrate may change, and geometric 
tolerances may change within the part program. 

To address the time varying problem definition, the OCP 
can be recast into a global one-shot optimisation of a chain 
of sequential subproblems, with each subproblem having 
its own state constraint set 𝒳𝑖. The modified optimisation 

problem can be written as 

min
𝒙,𝒖,𝑇𝑖

∑ (𝑇𝑖 + ∫ 𝒙𝑇(𝑡)𝑄𝒙(𝑡) + 𝒖𝑇(𝑡)𝑅𝒖(𝑡)𝑑𝑡
𝑇𝑖
0

) ,
𝑛𝑝
𝑖=1

 (7) 

subject to: 𝒙̇(𝑡) = 𝑓𝑖(𝒙(𝑡), 𝒖(𝑡))

   𝒙(𝑡) ∈ 𝒳𝑖
      𝑣𝑥

2(𝑡) + 𝑣𝑦
2(𝑡)⏟        

tooltip speed

≤ 𝑣nom,𝑖
2

[
−𝑎𝑥,max
−𝑎𝑦,max

] ≤ [
𝑎𝑥(𝑡)

𝑎𝑦(𝑡)
] ≤ [

𝑎𝑥,max
𝑎𝑦,max

]
⏟                    

𝒙(𝑡)∈𝒳

[
−𝑗𝑥,max
−𝑗𝑦,max

] ≤ [
𝑗𝑥(𝑡)

𝑗𝑦(𝑡)
] ≤ [

𝑗𝑥,max
𝑗𝑦,max

]
⏟                  

𝒖(𝑡)∈𝒰 }
 
 
 
 
 

 
 
 
 
 

 for 𝑡 ∈ [0, 𝑇𝑖] (8) 

where 𝑛𝑝 represents the number of CL lines in the toolpath, 

𝑇𝑖 representing the time taken to traverse the ith CL line, 𝑄 

and 𝑅 being square penalty matrices used to penalise large 

state and control values, and with 𝒳𝑖 and 𝑣nom,𝑖 

representing the position constraints and commanded 
feedrate along the ith cutter line, respectively. A global state 

constraint set 𝒳 and input constraint set 𝒰 has also been 
introduced to capture time-invariant constraints such as 
axial acceleration and axial jerk limits. 

The function 𝑓𝑖 denotes the zero-order hold (ZOH)-
discretised system dynamics for the ith CL line, 

𝒙(𝑘 + 1) = 𝑓𝑖(𝒙(𝑘), 𝒖(𝑘), 𝑁𝑖)   (9) 
    = (𝐼 + Δ𝑡𝑖𝐴)𝒙(𝑘) + Δ𝑡𝑖𝐵𝒖(𝑘),  with 𝑘 = 1,… , 𝑁𝑖 

where 𝐼 represents the identity matrix, and Δ𝑡𝑖 = 𝑇𝑖/𝑁𝑖 is the 
discretisation period for the ith CL line. Each segment is 
thus discretised into 𝑁𝑖 equal time intervals between [0, 𝑇𝑖], 
where 𝑇𝑖 represents the final time for the ith segment.  

Introducing the quadratic penalty matrices 𝑄 and 𝑅 into the 

cost function enables optimisation of secondary objectives 
during toolpath generation such as minimising axial 
acceleration and jerk, whilst also promoting uniqueness of 
solutions in the optimisation problem. The expanded form 
of (6) becomes 

      𝒙𝑇(𝑡)𝑄𝒙(𝑡) + 𝒖𝑇(𝑡)𝑅𝒖(𝑡) 
 = 𝒙𝑇(𝑡)diag([0, 0, 𝛼, 0,0, 𝛼])𝒙(𝑡) + 𝒖𝑇(𝑡)diag([𝛽, 𝛽])𝒖(𝑡) 

= 𝛼 (𝑎𝑥
2(𝑡)+𝑎𝑦

2(𝑡))+𝛽 (𝑗𝑥
2(𝑡)+𝑗𝑦

2(𝑡))   with 0 < 𝛼, 𝛽 ≤ 1,(10) 

where diag represents the diagonal matrix with the specified 

terms on the leading diagonal. With solely a minimum time 
toolpath optimisation objective, 𝑄 and 𝑅 should be tuned to 

be small but nonzero values. With this addition, one 
guarantees that, in the case of multiple viable equal time 
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toolpaths, the optimal trajectory should be chosen as the 
trajectory with the least relative axial acceleration and jerk. 

This formulation assumes that feed drive actuation limits 
remain constant, however one could also build the 𝒳 and 

𝒰 constraint sets in a piecewise manner. 

A direct multiple shooting approach [Kelley 2020] has been 
taken to solve the one-shot optimisation problem of (7), in 
which the control input (axial jerk) is kept constant between 
each [𝑘 − 1, 𝑘] time interval. The discretisation 𝑁𝑖 may be 

chosen through geometric toolpath information, such as  

𝑁𝑖 = max {ceil (
𝐿𝑖+0.5𝐹𝑖𝑇𝑓

10𝐹𝑖Δ𝑡𝑠
) , 𝑁min},   (11) 

where 𝐿𝑖 is the segment length (m), 𝐹𝑖 is the commanded 

feedrate (m/s), and Δ𝑡𝑠 is the NC interpolator sample period 

duration, in seconds. The term 𝑇𝑓 represents the jerk 

limiting FIR filter delay time [Ward 2021] (in seconds), which 
is utilised as a geometry informed guess of the expected 
segment duration, including the cornering time. 

Here, 𝑁min is defined as the minimum number of discrete 

time intervals allocated to a segment and has been 
introduced to allow optimisation of short-segmented highly 
discretised toolpaths, in which the discretised segment 

duration ceil (
𝐿

𝐹
∙
1

Δ𝑡𝑠
), measured in number of sample 

periods, would otherwise approach 1 sample, thereby 
causing undesirable singular control. 

3.1 Formulation of TCP error constraints 

The goal of trajectory generation for high-speed machining 
(HSM) is to generate the fastest TCP motion within 
specified geometric and kinematic tolerances. Therefore, 
without well-defined position tolerances, the motion will be 
constrained to simple point-to-point motion. This section will 
introduce the formulation of the TCP error constraints used 
within the global one-shot optimisation. 

Prior research has constrained TCP position through the 
nonconvex cross product position constraint [Lin 2018], 

‖(𝑃⃗ (𝑡) − 𝑝 𝑖) × 𝑑 𝑖‖ ≤ 𝜀Tol  for 𝑡 ∈ [0, 𝑇𝑖],  (12) 

where 𝑃⃗ (𝑡) = (𝑠𝑥(𝑡), 𝑠𝑦(𝑡))
𝑇
is the instantaneous tooltip 

position, 𝑝 𝑖 is the initial CL point for the ith segment, and 𝑑 𝑖 
is the unit-length direction vector between the 𝑝 𝑖 and 𝑝 𝑖+1 
CL points. However, this constraint is nonconvex and 
therefore cannot be solved with guarantees on optimality 
(without exhaustive state space searches). To combat this, 
we propose a convex relaxation of the path tolerance 
through utilising a linear polytope constraint [Kouvaritakis 
2016] as depicted in Fig. 2. In planar 2D toolpaths, this 
results in a bounding box composed of a set of linear 
inequalities centred about the nominal cutter line 
constraining the admissible toolpath trajectory region. The 
bounding box is configured per CL line and forms the 
position constraints within the state constraint set 𝒳𝑖 for 
each ith segment. This approach can be extended to 3-axis 

toolpaths with an 𝑛-dimensional polytope where, as 𝑛 → ∞, 
the polytope constraint will become a tube of radius 𝜀Tol 
around the nominal cutter line.  

One may observe in Fig. 2 that there exists an overlap 
region between the bounding boxes, denoted by the radius 
centred at 𝑝2. This facilitates continuous toolpath motion 

during the transition between segments. In the case of 
short-segmented toolpaths, such overlap opens the 
possibility for global toolpath smoothing. 

3.2 Scaling the optimisation problem 

The scaling matrices 𝑄 and 𝑅 also allow normalisation of 

secondary optimisation objectives (i.e., minimising axial 
acceleration and/or jerk) relative to the primary minimum 

time objective. This can be achieved through utilising a 
‘best guess’ of the toolpath cycle time. As the total cycle 

time 𝑇 = ∑𝑖
𝑛𝑝𝑇𝑖 is not known a priori, the normalisation can 

be accomplished through using the ideal cycle time, 
calculated using the assumption that the toolpath is 
traversed at its commanded feedrate as follows,  

𝛼𝑖 =
𝐽accel 

𝑁𝑖𝑎max
2

1

(∑
𝑖

𝑛𝑝
𝑇𝑣,𝑖)⏟      

ideal cycle time

, 𝛽𝑖 =
𝐽jerk 

𝑁𝑖𝑗max
2

1

(∑
𝑖

𝑛𝑝
𝑇𝑣,𝑖)
,  (13) 

with 𝐽accel, 𝐽jerk ∈ (0,1] controlling the weights of the 

secondary performance objectives depicted in Equation 
(10). 

 

Fig. 2: Toolpath segments with piecewise state constraints 
representing geometric straightness and TCP tolerance. 

The weights of the secondary objectives can be influenced 
through information provided within the STEP-NC part 
definition file, as depicted in Fig. 1. The problem in (7) has 
been implemented using CasADi [Andersson 2019] through 
direct transcription (using multiple shooting), transforming 
the one-shot optimisation a nonlinear programming (NLP) 
problem, using the CasADi Opti framework for NLP. The 
interior-point solver IPOPT [Wächter 2006] was used as the 
optimisation solver backend.  

4 CASE STUDY: INDUSTRIAL TOOLPATH 

This section presents performance validation of the 
proposed trajectory generation method against a 
commercially available CNC interpolator. The machine tool 
used for the benchmarking trials is the Hermle C52 
machining centre [Maschinenfabrik Berthold Hermle AG 
2024], equipped with a Siemens 840D SL numerical 
controller [Siemens AG 2019]. The interpolator parameters 
for the 840D were extracted from the system archive file, 
with an excerpt of the parameters visible in Tab. 1. 
Additionally, the interpolator has a sampling frequency of 
500 hertz. 

Tab. 1: 840D NC Interpolator Parameters 

 

The trials on the Hermle C52 were performed with the 840D 
interpolator configured for DYNROUGH (roughing), and 
DYNFINISH (finishing). This interpolator setting (configured 
through the CYCLE832 cycle definition) modifies the 
system acceleration and jerk limits. As the benchmark 
toolpaths were planar (with x and y-axis motion only), only 
the relevant x/y-axis actuation limits have been listed. For 
ease of implementation, the minimum axial jerk limit was 
used such that the x-axis jerk was also limited to 95 ms-3. 

 840D 
Surface 
Finish 
Setting 

Maximum X-
axis 

Acceleration 
[ms-2] 

Maximum Y-
axis 

Acceleration 
[ms-2] 

Maximum 
X-axis Jerk 

[ms-3] 

Maximum 
Y-axis Jerk 

[ms-3] 

DYNROUGH 6 6 100 95 

DYNFINISH 3 3 22 22 
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4.1 Case Study A: Minimum time formulation 

This trial benchmarked the efficacy of the proposed 
trajectory generation algorithm in reducing machine cycle 
time. The on-machine trials have been performed on the 
Hermle C52, with the interpolator settings of Tab. 1. The 
proposed algorithm was used to generate toolpaths under 
the same constraints as depicted in Tab. 1. The generated 
paths are referred to as the ‘optimised’ paths from hereon. 

As evidenced within Tab. 2, the proposed algorithm 
successfully achieves cycle time reduction across all trials, 
with reductions of up to 14.37% (trial A5) compared to the 
840D interpolated paths. In addition, the constraint 
formulation of Section 3.1 has proven to be effective, with 
all trials being within 0.1% of the specified TCP tolerance.  

The path RMSE was calculated through discretising the 
nominal toolpath (based on the toolpath CL points) with a 
minimum displacement of Δ𝑠min = 0.1𝜀Tol, after which the 

minimum Euclidean distance between the discretised path 
and the interpolated toolpaths was taken. The resulting path 
RMSE metric was then computed through 

RMSE = √
∑ (𝜀interp,𝑖)

2𝑛
𝑖=1

𝑛
,    (14) 

where 𝑛 is the number of points in the interpolated path, and 

𝜀interp,𝑖 is the ith path error, computed using pdist2 [The 

MathWorks, Inc. 2023]. Compared to the 840D interpolated 
path, the optimised path results in higher path RMSE 
across all trials, albeit staying within the prescribed TCP 
tolerance. The increase in toolpath performance comes at 
the expense of closeness to the nominal path, along with 
higher actuation. This is illustrated in Fig. 3a, which shows 
the difference in interpolated path geometry, and in Fig. 3c, 
which depicts the axial acceleration and jerk for the two 
paths. The industrial controller exceeds the recommended 
axial jerk limits. This may be due to kinematic optimisation 
functionality, which cannot be isolated nor deactivated. 
Further kinematic performance improvements are to be 
expected if one was to slacken the axial acceleration and 
jerk constraints in the generation of the optimised toolpaths. 

4.2 Case Study B: Secondary objective modification 

The second case study has been designed to demonstrate 
the efficacy of the formulation in (7), in terms of optimising 
for secondary objectives. Figure 4a depicts the trochoidal 
toolpath used for trials B1 to B4. A baseline trial was first 
completed on the 840D, along with a baseline minimum 
time objective trial - like Case Study A. The baseline trials 
were then compared to a minimum acceleration trial, and a 
minimum jerk trial, with the former resembling a minimum 
energy performance criterion, and the latter resembling a 
minimum curvature objective. Trial B1 was conducted on 
the Hermle C52 with the machine parameters listed in Table 
1. The baseline minimum time trial (B2) has been computed 

with a relative weighting of 𝐽accel = 𝐽jerk = 10
−3, being a 

small nonzero positive value to solely promote uniqueness 
of solution.  

  

Fig. 3: Case Study A – Trial A4 Results

Tab. 2: Results for Case Study A – time-optimal objective. 

# Finish Type 
Feedrate 
[mm/min] 

TCP 
Tolerance 

[𝝁𝐦] 

840D 
Cycle 
Time 

[s] 

Optimised 
Cycle 

Time [s] 

Cycle 
Time 

Reduction 
[%] 

840D 
Path 

RMSE 
[𝝁𝐦] 

Optimised 
Path 

RMSE 
[𝝁𝐦] 

Optimised 
Toolpath 

Max. 
Error 

[𝝁𝐦] 

A1 DYNROUGH 3000 50 9.44 9.22 2.33 16.80 17.31 49.96 

A2 DYNROUGH 3000 100 9.39 9.15 2.56 16.81 46.80 99.91 

A3 DYNROUGH 6000 50 5.45 5.06 7.16 18.71 28.05 50.03 

A4 DYNROUGH 6000 100 5.46 4.79 12.27 17.80 53.55 99.97 

A5 DYNFINISH 3000 10 13.36 11.44 14.37 1.33 5.45 10.00 

A6 DYNFINISH 3000 50 10.36 9.59 7.43 17.09 24.53 50.02 
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Tab. 3: Results for Case Study B (cost function modification) with TCP tolerance 100 𝜇m and feedrate 6000 mm/min. 

# Trial 
Accel. Obj. 
[rel. units] 

Jerk Obj. 
[rel. units] 

Cycle 
Time [s] 

Path 
RMSE 

[𝝁𝐦] 

Path RMS 

Accel. [𝐦𝐬−𝟐] 

Path RMS 

Jerk [𝐦𝐬−𝟑] 

B1 840D DYNROUGH - - 13.36 24.61 1.16 79.23 

B2 Optimised; Min. Time 10-3 10-3 11.62 41.80 1.49 52.05 

B3 
Optimised; Min. 

Acceleration 
106 10-3 11.79 39.75 1.49 52.80 

B4 Optimised; Min. Jerk 10-3 106 11.73 39.63 1.54 55.20 

 

Fig. 4: Case Study B Results. 

An arbitrary large weighting of 𝐽 = 106 was used for trials 
B3 and B4 to demonstrate the efficacy of including the 
secondary optimisation objectives. 

As displayed in Tab. 3, the proposed algorithm 
outperformed the industrial controller across all trials in 
terms of cycle time. The improved performance is reflected 
through path RMS acceleration and jerk metrics, with the 

optimised path warranting greater actuation (axial 
acceleration) to assist in reducing cycle time. The resultant 
(tangential) jerk exceeded the specified jerk limit. However, 
the individual axial jerk signals remained within axial limits, 
thereby still conforming to specified kinematic constraints. 

5 CONCLUSION AND FUTURE WORK 

In this work, we have introduced a digital thread enabled 
optimal trajectory generation framework that allows multi-
objective optimisation of minimum time toolpaths. 
The algorithm has been benchmarked against a 
commercial numerical controller, achieving cycle time 
reductions of up to 14.37%. The proposed trajectory 
optimisation algorithm is flexible and allows optimisation of 
secondary performance objectives that are a linear 
combination of the system states. Further work is required 
to incorporate frequency domain objectives into the 
optimisation problem, and to intelligently tune the multi-
objective optimisation. 

In addition, we have demonstrated a framework that 
exploits the STEP-NC standard to customise the trajectory 
generation algorithm prior to machining. Through modifying 
the STEP-NC part program file, one may supply the 
optimisation-based interpolator with qualitative 
performance objectives, such as prioritising straightness in 
the minimum time toolpath generation. The framework 
allows constraining of TCP tolerance and axial motion 
derivatives (up to jerk) with a different constraint on each 
individual CL line. Whilst the presented one-shot 
optimisation can be shown to be near time optimal, the 
computation of a global one-shot toolpath optimisation is 
costly. A suitable application of the algorithm is in the 
context of high-volume manufacturing, where the cycle time 
reduction of an optimisation-based trajectory generation 
algorithm heavily outweighs the costly one-off computation. 
Further research is required into reducing the 
computational complexity of the problem through intelligent 
windowed optimisation, or parallel computation of the 
toolpath. Subsequent research should aim to provide a 
proof for the optimality of the formulation. 
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